The Force Concept Inventory (FCI) has influenced the development of many research-based pedagogies. However, no data exists on the FCI's internal consistency or test-retest reliability. The FCI was administered twice to one hundred students during the first week of classes in an electricity and magnetism course with no review of mechanics between test administrations. High KuderRichardson reliability coefficient values, which estimate the average correlation of scores obtained on all possible halves of the test, suggest strong internal consistency. However, 31% of the responses changed from test to retest, suggesting weak reliability for individual questions. A chi-square analysis shows that change in responses was neither consistent nor completely random. The puzzling conclusion is that although individual FCI responses are not reliable, the FCI total score is highly reliable.
I. INTRODUCTION
The Force Concept Inventory (FCI) is a multiple-choice instrument 1 that asks conceptual physics questions using everyday terms. Answering does not involve calculations. [1] [2] [3] What instructors think that their students understand, and what the FCI results show, can be very different. 4 This difference has helped to make the FCI one of the most widely used instruments in physics education. 5 In a study of more than 6500 college and university physics students, Hake 6 used changes in FCI scores before and after a semester of instruction to show that traditional methods of instruction were ineffective in altering students' preconceptions. Since Hake's study, the FCI has influenced the development of innovative pedagogies and has played a key role in facilitating acceptance by mainstream physics faculty members of many research-based pedagogies.
Although the FCI has been given more than one hundred thousand times 7 at several hundred institutions worldwide, little data exists on its reliability. In this paper, we study the reliability of the FCI and report some puzzling findings.
II. THEORETICAL FRAMEWORK
There are three main ways to measure the reliability of a test: Equivalent form reliability, internal consistency reliability, and test-retest reliability.
Equivalent form reliability is measured by the correlation of the score on an instrument with the score of the same group of students on a second instrument that measures the same construct. Two instruments that are frequently used to assess students' understanding of the concept of force are the FCI and the Force and Motion Conceptual Evaluation (FMCE). 9 The correlation between the FCI and FMCE has previously been determined in 2000 cases. A reasonably high correlation of r ¼ 0.78 was found, indicating that the score on one instrument is a good predictor of the score on the other. 10 Internal consistency reliability is measured by correlating the total scores on two distinct halves of a test to establish whether the sub-parts are consistent with each other. Internal consistency reliability assumes that a test measures a unique construct across all test items. 8 For instance, a question assessing prejudice against foreign cars could be "Are foreign red cars ugly?" This question assesses appreciation of foreign cars but is confounded with color (error). If the errors in answers to individual questions are random, we expect that the score obtained on any half of the test should be roughly the same as the score obtained on the other half. However, the correlation between the scores on two distinct halves of the test might depend on how the test is split. For instance, the correlation of scores on the first and second halves of the test may be different from the correlation between scores on odd and even numbered questions. To sidestep this issue, Kuder and Richardson developed a reliability coefficient, KR-20, which estimates the average correlation between all possible halves, provided all items in the test are scored as dichotomous variables (for example 0 for incorrect and 1 for correct). 8 The value of KR-20 varies between 0 (no internal consistency) and 1 (perfect internal consistency). Comparing scores between groups requires a minimum reliability coefficient of 0.70. Below this value, the instrument is usually considered to be internally inconsistent for research purposes. 11 Comparing scores between individuals requires KR-20 > 0.80.
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The internal reliability of the Mechanics Diagnostic Test was previously determined, and KRÀ20 was found to equal 0.86 for the pretest and 0.89 for the post-test. 2 To our knowledge, no assessment of the internal consistency of the FCI has been reported.
Test-retest reliability assesses the stability of test scores by administering a test twice to the same group of students. When measuring test-retest reliability, the lapse of time between test administrations should be long enough for students not to recall their answers, yet short enough for their knowledge about the topic to remain unchanged. There are two ways to measure test-retest reliability. For the total score to be considered reliable, the difference in the total score on the two test administrations should be statistically insignificant. 8 Alternatively, test-retest reliability is measured by correlating the scores students obtained on the test with their scores on the retest. As with internal consistency, a minimum correlation of 0.70 is required for research purposes. A correlation of above 0.80 is usually sought to infer the stability of scores. 11 To our knowledge, no test re-test reliability measurement has been done on any physics education instrument.
III. METHOD
The students in this study were enrolled in an electricity and magnetism course at John Abbott College, a publicly funded two-year college in Montreal, Canada. Students in the three cohorts studied ( All students (N ¼ 111) were given the FCI in the first week of the course. Students did not know in advance that they would be retested. Within a week from the first administration, students were offered bonus points for retaking the FCI. A total of 100 students ( 
IV. RESULTS
We assessed internal consistency by computing KRÀ20 for the FCI test, retest, and combined data from both. Our results are shown in Table I . The results indicate that the FCI is internally consistent. That is, the scores on different halves of the FCI are highly correlated.
The average total score and the correlation between the test and the retest are shown in Table II . The correlation between test and retest total scores is r ¼ 0.89. The difference in mean scores between the two test administrations, l, is 1.6% with a sample standard deviation of 8.5%.
Assuming that changes in the total score are normally distributed, a z-test 12 was used to test the null hypothesis, l ¼ 0, against the alternative hypothesis, l ! 0. It was determined that l is sufficiently small that we should regard the change in the average total score as due to random chance.
To examine the stability of responses to individual FCI questions, we categorized the transitions in responses to individual FCI questions between the test and the retest as either right-to-right, right-to-wrong, wrong-to-right, wrong-tosame-wrong, and wrong-to-different-wrong. The proportion of students' transitions in each category is shown in Fig. 1 .
We further examined the average number of changes in answers. Of the 30 FCI questions, the average number of changes per student was 9.39, with a sample standard deviation of 4.30. Assuming a normal distribution of the number of changes, the 90% confidence interval is [2.31, 16 .47] and the 95% confidence interval is [0.96, 17 .82], which means that for 90% (95%) of students the average number of changes is between 2.31 (0.96) and 16.47 (17.82). These results suggest that it is unlikely (only 5%-10% chance) that a student will not change at least one or two answers in a test-retest situation.
The finding that the total score is reliable, although individuals on average change close to a third of their answers, is puzzling. To investigate this seemingly anomalous result further we developed a probability model for transitions.
V. PROBABILITY MODEL FOR TRANSITIONS
The first model we tested was whether the FCI is completely reliable. This model assumes that any response given on the test will be identical to the response given on the retest. Hence, the probability of right-right is 1, as is the probability of wrong-to-same-wrong. All other probabilities are zero. By multiplying the total number of transitions by their probabilities, we obtained the expected frequencies for all transitions. We compared the expected with the observed frequencies to calculate v 2 ¼ 340.9 (p < 0.001), which allows us to reject the hypothesis that the FCI is completely reliable.
The second probability model assumes that the FCI is completely unreliable. That is, students are equally likely to choose any answer on the retest, regardless of what was chosen on the initial test. For example, given that there is one correct answer and four incorrect answers, the probability for right-right is 0.2, and the probability for right-wrong is 0.8. Table III If we compare the expected and observed frequencies for this model, we obtain v 2 ¼ 4811.9 (p < 0.0001), allowing us to reject the hypothesis that the FCI is completely unreliable.
The second model was iteratively corrected until the predicted transition frequencies optimally matched those observed. We tested values of P 1 between 0.1 and 0.9, with values of P 3 and P 4 with similar ranges. Because there are only three independent probabilities, the values of P 2 and P 5 were calculated from P 1 , P 3 , and P 4 (see Table III ). For the minimum v 2 value of v 2 ¼ 0.002 we found that P 1 ¼ 0.82 and hence P 2 ¼ 0.18. Also, P 4 ¼ 0.57, P 3 ¼ 0.19, and P 5 ¼ 0.24.
This probabilistic model shows the similarity between the probability of right-wrong (P 2 ¼ 0.18) and of wrong-right (P 3 ¼ 0.19). These probabilities can be used to account for the changes in total score as:
The similarity of P 2 and P 3 , combined with the fact that the average FCI score is very close to 50%, accounts for the small change in the total score. Note that the change in the total score is identical to the change in scores reported in Table II .
Like all measurements, the FCI total score is subject to error. This error consists of noise in student understanding and noise in the instrument. Given that only wrong-right and right-wrong change the total score, we can use them to estimate this error. We calculate the error in the total score over the test and retest as 17 objected to the methodology used by Huffman and Heller and asserted that "the FCI score is a measure of one's understanding of the Newtonian concept of force." Halloun and Hestenes argued that if the students' understanding of force is not complete, then there is no reason for questions to correlate. Using a different methodology, our results show that the FCI has a high internal consistency reliability (KR-20 > 0.8) and hence support the notion that the total FCI score measures a unique construct. However, our analysis did not determine what this unique construct is. Given that Newtonian thinkers are likely to obtain a high FCI score, Halloun and Hestenes interpret the score as a measure of an understanding of the Newtonian concept-of-force. 17 The high correlation between test and retest scores and the insignificant difference between the mean scores shows the stability of the total FCI score. Given the lack of instruction and the short time between the test and retest, the unique construct measured by the FCI should remain unchanged. Hence, the total FCI score is a reliable measure of the concept-offorce. Given the constancy of the total score, we might expect that the students would not change their answers often. However, we were puzzled to find that 31% of all responses were changed between the test and retest. Of the total number of responses changed, 13% did not affect the score, 8% decreased the score, and 10% increased the score.
From the perspective of a resources model, 13 the FCI questions provide a context that activates concept-of-force related schema or a related set of resources. 13, 14 Given that the context for the test and retest was similar, the resources activated should be similar, and hence the probability of selecting a given FCI response should be similar. This similarity means that the probability of choosing an answer will be the same every time, not that they will choose the same answer every time. Hence, although individual responses fluctuate, the overall time-averaged mean-score is unchanged. In retrospect, our data provide good empirical support for the resource model. [13] [14] [15] In their rebuttal to Huffman and Heller 16 and Halloun and Hestenes 17 assert that the FCI has measurement error, as do all tests. A false-positive occurs when a non-Newtonian thinker selects a correct response. For instance, in think-aloud studentinterviews, Thornton et al. showed that some students chose a correct FCI response using incorrect reasoning. 10 In a previous study using latent Markov chain modeling, 18 we found statistical evidence of the same false-positive (FCI question 16) reported in the qualitative analysis in Ref. 10 . Conversely, a false-negative occurs when a Newtonian thinker chooses an incorrect response.
A right-wrong transition could be an indication of either a false-positive on the test or a false-negative on the retest. Similarly, a wrong-right transition could be an indication of either a false-negative on the test or a false-positive on the retest. We can interpret Eq. (2) as the average total of false-positives and false-negatives on either test. This interpretation of Eq. (2) assumes that the occurrence of falsepositives or false-negatives does not change between test and retest. How does this error differ from the average change in score between the test and the retest reported in Eq. (1)?
The difference between both errors reduces to the difference between precision and accuracy. The FCI is precise wrong-to-different-wrong 0.6 (1 À P 3 À P 4 ) because its total score has an error of 1.6%. Its accuracy is 9.3%. The analogy can be made with a meter-long stick being used to measure a yard. Repeated measurements using this stick to measure yards would be very reproducible (precise) but inaccurate by roughly 10%. Our students have an average FCI score below 50%, indicating that these students are not likely to be Newtonian thinkers. Pre-Newtonian thinkers are thought to have conceptions that are not fully coherent or consistent. 19 Our data show that the probability of maintaining a correct answer is 82%, and the probability of maintaining the same incorrect answer is 57%. Inconsistency appears to lie mostly in incorrect responses.
We also found a 24% chance of changing an incorrect answer to a different incorrect answer. These changes do not affect the total score and hence are not part of our error calculations. Given that roughly one of four wrong answers is changed, these changes warrant further investigation.
VII. CONCLUSION
This study confirms that the FCI total score reliably measures a single concept, although our analysis is silent as to the nature of this concept. High test-retest reliability shows that FCI total score is a precise metric.
A different picture emerges when examining individual questions. We found that although the macro conceptual state gauged by the FCI total score is unchanged, responses to individual questions are not, and roughly one third of responses are changed between test and retest (see Fig. 1 ). This finding can be seen as providing empirical support in favor of the resources framework. [13] [14] [15] Our results are based on a small sample of students enrolled in a Canadian two-year college. Although the sample size of N ¼ 100 was sufficient for the statistical methodologies employed, it would be useful to see this experiment replicated with more subjects and across multiple populations.
